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The onset of buoyancy-driven convection in an initially quiescent, horizontal nanopar-
ticles suspension layer heated from above is analyzed theoretically. In this thermally-
stable stratified fluid layer, the Soret diffusion can induce buoyancy-driven motion for the
case of the negative separation ratio. For the high solutal Rayleigh number, the convec-
tive motion sets in during the transient diffusion stage and the onset time of this motion
is analyzed by employing the propagation theory. Here the stability criteria are obtained
and the predicted critical time to mark the onset of convective motion, T,, is compared
with available experimental data. It is shown that convective motion can be detected
starting from a certain time 7,, = 47, © 2006 American Institute of Chemical Engineers
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Introduction

Thermal convection in binary mixtures like ethanol-water
and *He—*He or various gas mixtures shows quite different
characteristics from those in pure fluids.'# Recently the onset
of buoyancy-driven convection in nanoparticles suspension
systems has attracted many researchers’ interest.> If suspen-
sion of nanoparticles is under consideration, the spatiotemporal
properties of convection in nanoparticles suspension are much
more complex than those of pure fluids or molecular solutions
due to the influence of thermal diffusion, that is, Soret-induced
concentration gradients, and also the extremely small particle
mobility that can be reflected by the Lewis number Le = 10*,
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Here Le(= D) is the Lewis number, D, the diffusion
coefficient, and « the thermal diffusivity. The separation ratio
Y(= —{B/Br}{VCIVT}) is defined as the ratio between the
density variations induced by solutal expansion and those in-
duced by thermal expansion, where B, (= —p~ '(9p/9T)) and
Be (=p '(9p/dC)) are the thermal and the solutal expansion
coefficients, respectively. For Soret diffusion systems the sep-
aration ratio is usually defined as ¢ (={B/Br}{D+/Dc}),
where D, is the Soret diffusion coefficient and can be used as
the measure of the relative importance of the Soret effect with
respect to weak solutal diffusion.>-. For the case of ¢y = 0
double diffusive convection sets in when Ra + Ra, = 1708,'°
where Ra (=gB;ATd’/av) is the thermal Rayleigh number
and Ra, = (gB-ACd?/D v) the solutal Rayleigh number,
respectively.

For non-vanishing ¢, however, the external temperature
gradient induces concentration variations and these create the
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Figure 1. Basic system considered here.

buoyancy force. Depending on the sign of the separation ratio
, the solutal buoyancy force may act in the same direction as
the thermal buoyancy force (for the case of positive i) but it
counteracts to this force for the case of negative . For the case
of negative ¢, Soret effect can induce buoyancy-driven motion
even in initially uniform concentration and thermally stable
configurations. For the fully-developed linear temperature
field, the critical Rayleigh number to represent the convective
instability is Ra. = 720(Le/y) for the linear concentration field
considering the relative time scale of mass diffusion with
respect to thermal diffusion.!!

In the present study the onset of Soret-driven convection in
the horizontal fluid layer heated from above with large con-
centration difference, that is, Ra(Le/tj;)’l >> 720, is investi-
gated by using the propagation theory we developed.'?'* This
is a deterministic model using scaling relations and the mo-
mentary instability concept. In the propagation theory it is
assumed that a most dangerous mode of disturbance will set in,
experiencing instantaneous variations in their values upon their
onset. The resulting stability criteria have compared well with
experimental data for solidification,'-'¢ Bénard-Rayleigh con-
vection,'>17-18 Marangoni-Bénard convection,'*2° and Taylor-
like vortices.!3-142! For the present problem the new stability
equations will be derived based on the propagation theory. Our
predictions will also be compared with available experimental
results.®7-22

Theoretical Analysis

The problem considered here is a horizontal fluid layer
confined between two rigid plates separated by the vertical
distance d. The basic system of pure conduction is shown in
Figure 1. The fluid layer, of which ¥ has a large negative
value, is initially quiescent at a constant concentration C; and a
constant temperature 7. For time ¢ = 0 the fluid layer is heated
suddenly from above with a constant temperature 7, that is, Ra
has a negative value. For a high Ra(Le/y) ', buoyancy-driven
convection will set in at a certain time and the governing
equations of motion, temperature, and concentration fields are
expressed by employing the Boussinesq approximation*:

V-U=0 (1)

9 1
{at +U- V}U =— P+ WU + g(BT — B.O), (2)

9
{at +U- V}T = aV?T, 3)
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9
{M-FU-V}C:—V'J, o)

J=Jptijs=—DVC—D;VT, )

where U is the velocity vector, p the density, P the dynamic
pressure, v the kinematic viscosity, 7" the temperature, C the
concentration, « the thermal diffusivity, g the gravitational
acceleration, and S the expansion coefficient. The subscript r
represents the reference state.

At the steady state the basic temperature and concentration
profiles are linear and time-independent, and its critical condi-
tion is well summarized by Ryskin et al.'! However, for the
case of Ra(Le/y)”'>> 720, convective motion can occur
during the transient diffusion process, and the related stability
problem becomes transient. Its critical time #, to mark the onset
of buoyancy-driven motion remains unsolved. For this tran-
sient stability analysis, we define a set of nondimensionalized
variables 7, z, 6,(={T; — T}/AT) by using the scale of time
d*ID, length d, and temperature AT(=T;, — T,)). Then the basic
conduction state is represented in dimensionless form of

90, 1 9%0,
Py iarus o (6)
ot  Le 0z
with the following initial and boundary conditions,
00(0, 2) = 0y(7, 0) = Oy(7, 1) — 1 = 0. (7

The above equations can be solved by using the separation of
variables:

n

(=n" .
sin(nmz)exp| — o T): (8)

nir

60=z+22
n=1

For the case of nanoparticles suspension systems, the Lewis
number is very small (Le =~ 10™%) and, therefore, the basic
temperature field can be approximated by

0, =2z forT=Le. 9)
Based on the above temperature distribution, the dimensionless
concentration field is given??:

deg _ 9% f L 10
— =
ar 9z OrTERe (10)

under the following initial and boundary conditions,
0 0. “imo=1, “mn=1 ai
CO( s Z) - Y 9z (Ta ) - L dz (Tv ) ] ( )

where ¢, = Dc(C — C)/(jd) and j, = —D;AT/d. For the case
of negative s, the Soret flux j, has a positive value. The
boundary conditions have been obtained by the impermeable
conditions for concentration at both boundaries, that is, j = 0
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at Z = 0 and d. The above equations can be solved by using the
separation of variables and also the Laplace transform:

IoS2((=)" =1
2 > (nr)?

n=1

cot,z) =z~ cos(nmz)exp(—nm1),

(12a)

. 1
colT, 0) = \/4T7 2 {—ierfc(nr + g) — ierfc(n—i_r _ g)
n=0

\!T \JT

) n+1/2 ¢ ) n+1/2 ¢
+ ierfc — 5 +ierfc| —+=—+ 5], (12b)

\T 2 \T 2

where { = z/\/7 and Co = ¢o. These solutions satisfy the mass
conservation law of (8/07)([ (') codz) = 0. The solution of ¢,
in the (7, {) coordinates converges more rapidly than that of ¢,
in the (7, 7) ones, especially for the case of small 7. For the
deep-pool system of small 7 (Le = 7 = 0.01) and ierfc (%) =
0, the basic concentration field is approximated by

z
ierfc(zr) forz=0.5,
co= | VT

(13)

1 —
ierfc( Z) for z =0.5.
N

Here —cy(7, 0) = co(7, 1) = V47/m. The agreement with
the exact solution is very good, as shown in Figure 2. With the
above solutions, the following peculiar relation is shown:

del(n s _ L ackn

T 27 9L

(14)

where (¢%, ¢%) = (o, co)/V/7. The sign of equality is held for
the limiting case of T — 0. This means that from the chain rule
of

T T T T 1
0.0 | S
| [rzlo' -
-0.2 4
=107 )
04 H 4
o 2
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Figure 2. Comparison of basic concentration profiles.
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Figure 3. Comparison of Eq. 14 with Eq. 15 for the time
derivative of the basic concentration.
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the first term in the right column is negligible with respect to
the second term. In this case ¢ becomes a function of £ only
and, therefore, { becomes a similarity variable like that in
simple boundary-layer flows. Equation 14 agrees well with the
exact one from Eq. 15 with decreasing time, as shown in Fig-
ure 3.

Over a certain time interval the concentration gradient,
which is propagating from both boundaries, does not feel the
presence of the other one, as shown in Figures 2 and 3. Based
on this, Shliomis and Souhar’ assumed the concentration gra-
dient as

%: erfc L (16)
az 247/

and they further approximated it as
dcy 1 — Z/SS forz = 8.;
9z {0 forz > 3§, 17

where the diffusion skin layer 8, = 4\ 7/ satisfies [§* (1 —
2/8)dz = [§ erfc[z/(2V/1)]dz. By employing this concentra-
tion profile, they analyzed self-oscillatory convection caused
by the Soret effect.

Stability Equations

Under linear stability theory, the nondimensionalized con-
servation equations incorporating the Soret effect are consti-
tuted as follows:

1 9 1
(55 - V2>V2W = V%Cl - E V%Ol, (18)
L 5 19
T s 9z W= A7 Le ’ (19)
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Le ar + Raw = V<6, (20)

under the following boundary conditions,

an 361

WI—TZ—E—OIZO

atz=0 and z=1, (21)

where w,, ¢, and 6, represent dimensionless disturbance quan-
tities of the vertical velocity, concentration, and temperature,
respectively. Here V2 = (0%/9x%) + (9%/9y?) + (0*/92%), V73
= (9%/9x*) + (9*/9y?), and Rs (=Ra(y/Le)) = (gBqjsd/
DZv).

For the limiting case of very small Lewis numbers, the
temperature disturbance governed by Egs. 20 and 21 has the
solution of 6, = 0. Therefore, the disturbance equations reduce
to:

1 o

{SC@T - VZ}VZWI = V%Cl, (22)
dc dc )
¥+ SWi o= Ve, (23)

with the following boundary conditions,

aw,; dc,
w, = =—=0

07z atz=0 and z=1. (24)

Propagation Theory

Our goal is to find the critical time 7, to mark the onset of
convection for a given RS and SC by using Egs. 22-24. With
the amplification theory, the proper initial conditions at T = 0
are required. The amplification theory is quite popular but its
amplification factor to represent manifest convection should be
decided experimentally. However, the propagation theory de-
scribed below is a rather simple, deterministic approach even
though it involves the transient effect. The present study will
employ the propagation theory for the stability analysis.

The propagation theory employed for finding the critical
time 7, is based on the assumption that for a deep-pool system
of small 7, temperature disturbances at the marginal state of
instability are propagated mainly within the concentration
boundary layer thickness A.. So it is assumed that at the onset
of convective motion, the following scale analysis in terms of
the solutal penetration depth A(c<t'"?) is valid for perturbed
quantities of Egs. 2 and 4, respectively:

aw, W, 8BCA:
“or MV2W1<~MA2) ~pgC, Wi~——0C, (259)
C
aC, aC, ) C
o Wi, D.V*C, ~De 4z |- (25b)
C

The first scaling represents the balance between viscous and
buoyancy forces, and the second one comes from that between
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convective and diffusive mass fluxes. Since motion is very
weak near the onset time of instability, inertia force terms and
convective flux terms except W,(9Cy/dZ) are negligible. Now,
based on the above relations, the following amplitude relation
can be obtained:

Cy

~ &~ (26)

We assume dimensionless amplitude functions of disturbances
as

[WI(T’ Z)’ Cl(Ti Z)] = [Tn+]ﬁ}*(7’ Z)7 Tnz*(T’ Z)]7 (27)

which satisfy Eq. 26. For small critical time we set w*(r, z) =
wk(r, £) and 0% (7, z) = 0%(T, {) like Egs. 12a and 12b. Here
w* and 0* are disturbances in the (7, z) coordinates, while w*
and 60* are those in the (7, {) ones. Now, it is assumed that
aw*lar ~ —(Z/(27)(0w*/d{) and dc*/or ~ —(L/
(27))(dc*/d¢), which means that the disturbance amplitudes
follow the property of the basic field (see Eq. 14).

At this stage a criterion to determine the exponent n in Eq.
27 is necessary. The system is supposed to be unstable at the
time when the growth rate of a fastest growing disturbance (r,)
is larger than the growth rate of the basic quantity (r,). They are
here given as the root-mean-squared quantities of concentration
components:

1 dE,
T E, dr’

1 dE,

ry = ED F 5 (28a,b)

o

where the subscripts B and D denote the basic and the per-
turbed state, respectively. The dimensionless energy E is de-
fined by following the usual energy method:

1 1
E(7) = 3 (u)* + 5 ScRayc)*, (29)

where u denotes dimensionless velocity vector and (-) =
V([ (-)?dV)/V. Here V denotes the dimensionless volume
considered, such as one pair of vortices. For the case of S¢c —
o the dimensionless energy of Eq. 26 reduces to

1 1
Ey(1) = ) (co)’, Ep(1) = ) (e (30a,b)

The critical time to mark the onset of a fastest growing mode
of instability is here defined as the characteristic time when
ry=r att=r,. (€28
The case of n = 1/2 in Eq. 27 satisfies the stability Eq. 31, with
which the single-mode instability sets in at the earliest time 7,
with its corresponding wavenumber a... By the above reasoning
we set w, = 7/ ?w* and ¢, = 7"%c*. Now, the stability
equations are obtained in dimensionless form from Egs. 10 and
11 and then T is fixed as 7. For large Sc, the resulting self-
similar stability equations with n = 1/2 are
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(D* — a**)’w* = a*’c*, (32)
2 1 2 ! + *
D*+ 5 (D — a** + 5 |c* = Rs*w*Dc, (33)

with the following boundary conditions,

wk=Dw*=Dc* =0 at{=0 andas{ — ©, (34)

where D = d/d{, Rs* = 72Rs*, and a* = a\V/'r,.

For 7. = 0.01, Egs. 32 and 33 are kept and Eq. 12 is used.
In Eq. 34 the upper boundary { — o is replaced with z = 1, that
is, { = 1/7)?, and in Eqgs. 32 and 33 Rs* and a* are replaced
with Rs7> and a7!/?. Also, in Eq. 12, 7 is replaced with 7, but
{ is maintained. Since 7, is the fixed parameter, the resulting
stability equations are a function of ¢ only. For a given Sc and
7., the minimum Rs, value and its corresponding wavenumber
a, are obtained. For large time, the frozen-time model may be
used under the assumption of r, = r; = 0 and the resulting
stability equations reduce to (D> — a*?)*w* = a*%c* and (D>
— a*?)c* = Rs*w*Dch.

Solution Method

The stability Eqs. 32-34 were solved by employing the
outward shooting scheme. In order to integrate them, a trial
value of the eigenvalue Rs* and the boundary conditions D*w*
and c* at { = 0 are assumed properly for a given a*. Since the
boundary conditions 34 are all homogeneous, the value of
D*w* at { = 0 can be assigned arbitrarily. This procedure is
based on the outward shooting method in which the boundary
value problem is transformed into the initial value problem.
The trial values, together with the four known conditions at the
heated boundary, give all the information to make numerical
integration smoothly.

The integration based on the 4th-order Runge-Kutta method
is performed from ¢ = O to a fictitious vertical distance to
satisfy the infinite boundary conditions. By using the Newton-
Raphson iteration, the trial values of Rs*, D’w*, and c* are
corrected until the stability equations satisfy the infinite bound-
ary conditions within the relative tolerance of 10~ '°. Then, by
increasing the distance step by step, the above integration is
repeated. Finally, the value of Rs* is decided through the
extrapolation. For the frozen-time model, the solution proce-
dure is almost the same as above.

Results and Discussion

It is well-known that for large 7, the long wave instability of
a = 0 is the preferred mode and the critical condition is Rs,. =
720.'" For small 7 the present neutral stability curve is given in
Figure 4a. This yields the critical conditions:

7, =557Rs7"%, a,=0.2585Rs"™ asTt — 0, (33)

At this critical condition, the profiles of amplitude functions are
featured in Figure 4b. From distributions of the basic concen-
tration field (see Eq. 13) and the perturbation quantities, we
obtain the following relation:
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Figure 4. Stability conditions: (a) marginal stability curve
and (b) distributions of amplitude functions.

asT — 0, (34)

Fo=7r = ~—

2T

which satisfies the condition of the marginal state of instabil-
ities we suggested, that is, Eq. 31. It is known that concentra-
tion disturbances are confined mainly within the solutal bound-
ary layer and 7, decreases with an increase in Rs. Equation 33
can be rewritten as a function of Rag:

7,=10.70Ra,;*® ast — 0, (35)

since Rs = Ra,V m/47. This equation is less convenient in
predicting 7. but it is more useful for comparison with the
system of AC = constant. Cerbino et al.® suggested a similar
relation of 8! ~ (Rs8)%3° where 8§ = Varr*. Their relation
can be reformulated as 7 ~ Ra, °7°, where 7* is the latency
time illustrated later. Their exponent —0.70 is quite similar to
the present one: —2/3.

Foster?* commented that 7,, = 47 with correct dimensional
relations. Here 7,, is the onset time of manifest convection.
This means that a fastest growing mode of instabilities, which
sets in at t = t,, will grow with time until manifest convection
is detected at #,, = 4¢. near the whole bottom boundary. A
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growth period will be required, as illustrated in Figure 5. The
validity of 7,, = 4, requires a further study, but this relation is
kept even in other transient diffusive systems.!$2! From Fos-
ter’s viewpoint (7,, = 47,) the following relation is obtained:

7, ~ 41, = 42.80Ra;?* for Rs = 10°, (36)

based on Eq. 34. Since the concentration difference increases
continuously during the growth period (7. = 7 = 7,,), T,, may
be expressed as a function of Rs:

T, = 42.80(Rs \47,/m) " for Rs = 10°. (37)

By using the shadowgraph method, Cerbino et al.>’ and
Mazzoni et al.?? visualized the Soret-driven convective motion
in a suspension of 22 nm diameter silica particles (LUDOX®)
dispersed in water. For this system Le = 1.48 X 1074, ¢ =
—3.41, and Sc = 3.7 X 10*. They obtained the latency time 7*
and the peak time 7, as the characteristic times when the
variance of the intensity of images starts to grow and it shows
the maximum value, respectively. They also measured the
oscillation period 7, as a function of Rs. These experimental
data are compared in Figure 5. As shown in this figure, our 7,,
values bound the experimental 7 values quite well. As ex-
pected, the peak time T, is a little larger than the latency time
7*. It is interesting that our 7, values are also close to the
oscillation period 7.

The present stability criteria are given:

Rs.= 720, a.,=0 fort — » (38)

which agree very well with those from the frozen-time model,
as shown in Figure 5. The latter model is useful only for large
time. The present critical wavenumber is featured in Figure 6.
For large 7, a long wave instability is the preferred mode and
the disturbances exist in the whole fluid layer.

T
experiments

a ° (Cerbino et al.%

: Ot (Mazzoni el al?) 3

. 2, ]
A ¢ (Mazzonietal.™) {
o ose

10 F 3

720 .
10°

[ theoretical predictions\\\
L[ present
¢

Ty
Luul

present T

T

"""" frozen-time model
/|

| PESWRTTIT B SRRt

Figure 5. Comparison of critical times numbers with
available experimental data.
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Conclusions

The critical condition to mark the onset of convective motion
driven by Soret diffusion in an initially quiescent, horizontal
nanoparticles suspension layer heated from above has been
analyzed by using the propagation theory. It seems that for
deep-pool systems, manifest convection is detected at 7, =
47, 1in comparison with available experimental data and for 7 =
7,,» velocity disturbances are too weak to be observable exper-
imentally. For small time the critical wavelength becomes
smaller with increasing Rs while for large time a long wave
mode (a. — 0) is the most unstable mode. The present results
show that the propagation theory can be applied to the stability
analysis of complex nanoparticles suspension systems without
loss of generality.
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